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CLOSED EQUATION FOR THE STRUCTURE FUNCTION 

OF AN ISOTROPIC TURBULENT VELOCITY FIELD 

V. A. Sosinovich UDC 532.517.4 

A closed equation is derived for the structure function of an isotropic turbulent 
velocity field in an incompressible fluid. The equation for the characteristic 
function [i] is used as the initial equation. 

A closed equation was obtained in [i] for the characteristic function ~ of the prob- 
ability distribution of the differences in velocities and temperatures at two points in an 
isotropic turbulent flow of an incompressible fluid. Here, we use this equation as the 
initial equation to derive an equation for the structure function, which is defined as 
follows: 

D(r, t ) =  <AVz(r, 02>.  (1) 

The time-dependent argument of the structure functions will not be indicated in subsequent 
discussions. 

Using the equation for % we can also obtain an equation for the structure function of 
the temperature field H(r, t). This equation will be derived in the present article. In 
making the transition from the equation for ~ to the equations for D and H, there again 
arises the problem of closure. To obtain closed equations for D and H, we need to make 
certain assumptions regarding the form of the characteristic function ~ We will choose for 
the form of ~ the product of the Gaussian characteristic function and an expression account- 
ing for the deviation of the combined probability distributions of the velocity and temper- 
ature differences from the normal distribution. This expression will contain only those 
moments of the probability distribution which have an important physical significance: i) 
the double-point third-order structural tensor Dijl(r ) describing the transfer of energy 
between different-scale pulsations of the turbulent velocity field, 

Dut (r) = ( AVi (r) AVj (r) kVz (r) > ; (2) 

2) a mixed third-order moment defining turbulent mixing of the temperature field 

Dirt(r)  = (AV~(OATZ(r) >. (3) 

Thus, the assumption made with regard to the form of ~ consists of the following: 

~r,~(O, n ) =  expr(O, n) [ J - -  iT (O, n)], (4) 

where 

1 Di  j (r) 0i0 j - -  1 H (r) N2; ( 5 )  F(O, ~ ) -  2 -2- 
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1 1 
T (0, 9) = ~ D ~ n  (r) 0i0i0t +---~D/rr (r) 0i~ z. (6) 

For the case of an isotropic solenoidal field, the tensor Dij (r) can be expressed 
through a single scalar function. Determined by means of a longitudinal structural function 
(Dr) (i), it has the form [2] 

Dij (r)=-- r-f-- D' (r) ~i~J + [ D(r) -]- r--- D' (r)] 2 (7) 

The t e n s o r  D i j l ( r )  f o r  t h e  case  of  an i s o t r o p i c  s o l e n o i d a l  f i e l d  i s  e x p r e s s e d  as f o l l o w s  [2] :  

1 [M (r) + rm' (r)] (~n), ,  (8) 1 [M (r) - -  rM' (r)] v~v~v~ + ~ -  D~t (r) = 

where 

M(r):  (AVL( r )  3> .  (9) 

The subscript s denotes that the expression in brackets should be balanced with respect to 
all indices (i, j, Z). 

The form adopted for the characteristic function (4)-(6) is equivalent to assuming that 
the turbulent velocity and temperature fields have a quasinormal structure. Such an ap- 
proximation has been used repeatedly in elaborating the theory of turbulence based on moment 
formalism [2]. Several experiments [3-5] have been devoted to this hypothesis. The failures 
encountered in this approach (particularly the negative sections of the spectrum at large 
Reynolds numbers) are evidently attributable not to the fact that the actual probability 
distributions are far from quasinormal but, more likely, to the fact that the quasinormality 
hypothesis has not been correctly incorporated into formal theory. When the hypothesis is 
properly applied, these problems do not arise [6]. 

Let us substitute the expression for ~ in the form (4)-(6) into the right side of Eq. 
(33) in [i] and obtain the following expression: 

i 

~r,t (0, ~)= (2~) 3 

e Pl '0 /r " , ,  

A formula connecting D(r) with 
from [I] and Eq. (7): 

The operator D acts as follows: 

d~ f d y e x p [ i 0 .  ( r - - y )  1H(.q)~]2] • 
(t -- T) 3 t -- �9 2 

_ _  __ 1Di j (y )  O~0)[ L(O', N, y, Q[1- -  iT (0', ~)]. 
l 

qgr,t(O, ~]) can be obtained by using the definition (i) 

(IO) 

D (r) = Dqor,t (0, ~1). (11) 

b f - - [ ( v - v o ) ~ / ] o .  (ll') 

Applying the operator D to the left and right sides of (i0), we obtain an equation for D(r): 

where 

i0 (r - -  y) _ __I Du (y) 0 , 0 j  6 (0), (12) t - - ~  2 J 
D (r) = (2~) 3 (t -- ~)~ d9 [v (r--  y)12 dO exp -- 

0 

(13) 
1 (0) : .o~ (y) 0~0~ + LQ=.~ v (y) 0~0~0 v + -~  D~ z (y) ~.,~v (y) 060h0~0,0~0 v. 

In the writing of (12), only terms which are proportional to the first powers of the quan- 
tities ad, ~, and (r/L) 2 remain. 

Equation (12) is not closed, since it contains the tensor D~kl(r) in the right side, 
i.e., a third-order moment M(r). If we use Eq. ~ (8) from [i] for the characteristic func- 
tion ~, we can obtain a relation connecting the functions M and D. Acting on the left and 
right sides of (8) from [i] with the operator D, we find 

(14) 
D~ (r) + V,~ Dm (r) ~ : j  = - -  29.~j (r) ~vj .  
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Using Eqs. (12), (15), and (18) from [i] -- which expand the sense of the tensor Qij - and 
(8), this relation may be reduced to the following form: 

r 

4 + 2 ( ~_)2~r  + 6vD' ( r ) -  3 (x'D:(x)dx. (15) 
0 

This is the exact result of the equations of motion for the case of isotropic turbu- 
lence at r << L, although we obtained it from an approximate closed equation for ~. Equa- 
tion (15) was obtained without the last term in [7] and without the term oo(r/L) z in [8]. 

Let us substitute the function M in the form (15) into the right side of (8) for 
DSk~(y) and find an expression for this tensor through the structure function D(y) and the 
parameters of the problem: 

4 2 -L-- - - - -  g f  D6hz (Y) -- 15 *arpt~,l 7 
2 ] 

pa P6hl - -  -3- t~kt - -  pD" (,or) [~iP6hz + %t~a] Jr prD~ (,or) [siP6~z + s2t~hz]. 
r 

(16) 

Here 

1 
% = i + [~-~ (9, r); % = 7[-- 1 + [~-I (9r)]; 

3 

(17) 

(18) 

Qr 

3 j" x,D  
3 o s t . . . . . .  5A; s 2=A' ,  A =  (19) 
2 2 (pr) 5 D~ (or) 

Equation (13), with the expression for the tensor DSkl(Y) in the form (16)-(19), is closed 
relative to the structure function D(r). All that needs yet to be done is calculation of 
the integrals with respect to the same variables on which the integrand in the right side 
of (12) explicitly depends. 

To integrate with respect to the variable @ , Eq. (13) is conveniently written in the 
form 

t 

D (r) = S - -  T )  5 f dY[w(r--Y)]ZFr-v{~(O)expl--t-~ 2l Dd (Y) 0i0j ]} ' "  (20) 
0 

where F~{A}= l--J--~dOexp[--iBO]A; ~(0) is a polynomial in powers of 0. Thus, calculation 
(2ap J 

of the integral with respect to the variable 0 reduces to calculation of the Fourier trans- 
form from the product of an exponential function and a polynomial. The result of this op- 
eration may be represented in the form 

D(r) -- - -  i{ 2;i 
( 2 n ) a / 2  ( t  - -  ,~)a p . . 

o o o - -1  o o Io--~l  

o, [ / s ,  1, t, 6, "~, co). 
(21) 

The outer integrals in (21) constitute the expanded three-dimensional integral with respect 
to y in Eq. (13), while the inner integrals make up the expanded three-dimensional integral 
Ifdxdy, which is contained in the definition (13) of the tensor ~Bg(Y) in [I]. It is trans- 
formed to this form by the method applied in the work [9]. The expressions fl and f= in 
(21) depend on two groups of arguments. Expressions fl and f= depend on s first group of 
arguments explicitly and through the sought function D(r). They depend only explicitly on 
the second group. The variables 8, y, and m are the cosines of the angles of a triangle 
formed by the vectors y, • and z. They can be expressed either through the lengths of the 
sides of this triangle or through the relative lengths p, o, and ~. The variables t, s, and 

are the cosines of the angles between the vector r and the vectors y, x, and z, respec- 
tively. The variables t and Z can be expressed through other variables with the formulas 

r7----7~2 __ ?a t = s f - - V ] - - ~ - - ~ l / i - - # c o s @ ,  l = s 3 , - - V  1 - - s  V1 cos , .  
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After this, we can integrate with respect to the variables ~ and s. It is simple to inte- 
grate with respect to the variable ~ since, the integrand is independent of % For the part 
of the expression f2 connected with cm~) in the definition (13) of the tensor ~aBy(y)in 

[i], it turns out that it is possible to calculate the integral with respect to ~. 

The above transformations, fairly cumbersome but simple in principle, lead to the fol- 
lowing equation for D( ): 

D(r)  = r z 5(0 ,  r, T), (22) ( t - - T )  3 . dooZ D a/2 (pr) 
0 0 

where 

Here 

b (0, = (0, q) D; n,  + ( - F  + 
x 

l = l  
3 

§  ki(p, n, q) • 
r 16D I/5 (pr) .= 6D3/2 (P r) 

( t;  ]} • hi(p, n, q) 
/- 

l ~ I  

(23) 

0 

4 7 p-~cr 

n = l  k = - - 6  19--o'1 

We used the following notation in this 

1 

3 

~ l p  ~ 

2N2 

equation 

0 

; Tlr  - - -  

1 
5 

3 

3~1 2 0 s~ ] 
7 

f 3T2 4 2 s2 
21 

/ = 1 ,  2; p = l ,  2, 3; r = l  . . . . .  4; 

q = r/V-2-, n. D 1/z (g)(t - -  ~); 

n ~ = 1 + {92 [In D (9)1~}-1. 

(24) 

(25) 

(26) 

(27) 

The functions nl and q= are given by Eqs. (16) and (17) in [i], TI andzTa are given by Eq. 
(18), and sl and sa --by Eq. (19). The expression for the functions kj, j = 0, i, 2, 3; 

I = i, 2, has the form 

5 4 

k}( 9, n, q ) = .  ~ { a ~ ( p ,  n, q)- -exp[--qZnZ(1-~,  pZ)]• 
k~O m = l  

X [b}~ ch (2qgn20) + ci hz,~ P sh (2q2n2p)]} qem-202k, (28) 

where 

r V~ 2q exp [qZ (n 2 - -  1)(pZn2 - -  1)] {~ [q ( 1 - -  pn2)] + �9 [q (1 + pnZ)]}. 

Here  ~(x)  i s  t h e  p r o b a b i l i t y  i n t e g r a l ;  sh x,  ch x,  h y p e r b o l i c  s i n e  and c o s i n e .  

The elements of the matrices a Im b Im c~ are presented in Appendix A. 
ik' jk' 

The expression for kj(p; n; q) has the form 

(29) 
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3 3 

( 1)  E E [a~q~ (p, n)-F +exp  [--q2n2(1-Fp2)] kj (p, n, q ) =  V2-  a -  
n k=o m=l  

x [ b~k Pl sh (2qZn~p)_F c~,~ ch(2qZn2p)]}q2m_,po_k" 

m b m c m The elements of the matrices ajk , jk' jk are presented in Appendix A. 

and b j (x) are determined as follows: 

l(a~, bi<), if x<: 1, 
(ai' bY)= [(a~, b~), if x >  1, 

X 

(30) 

The matrices aJ(x) 

(31) 

aJ{ = 2.~ 

2 - -  125 x2 

- -  10  

24 xZ 
- 2 + -  C 

32 1 
, W> 

5 x 2 

b1~ = 4x 

2 1 x2 +-K 
10 
3 
2 2 
3 5 

�9 1 6  1 
, b 1) ~_ _ _  

1 5  x 2 

(32) 

The matrix y~n(x) is presented in The matrix ~n(X, y) is determined by Eq. (24) from [i]. 

Appendix B. 

Equation (23) is closed relative to the function D(r, t). It should be solved with the 

initial conditions 

D(r, O) = Do(r ) . (33) 
The parameters ~, L, and ~ are external parameters in this problem and should thus be as- 

signed values. 

Finding the general solution of the above equation is fairly complicated and falls out- 
side the scope of the present work. It should be noted that asymptotic cases should be 
carefully investigated before posing this problem. 

APPENDIX A 

MATRICES a~'~, b/rn lm ~ b~ k c m j k  ' C jk  ' ( i l k '  ' j h  

All matrix elements of the type a~ are polynomials in powers of n 2. For the sake of 

abbreviation, each nontrivial matrix element will be written in the form lao, at, as, ... l 
or [M(ao, al, a2, ...)I, where M is a certain function of n 2 and m---na--l; ao, al, as, ... 
are integers which are coefficients of the polynomial ao + aln 2 + san ~ + .... For example, 
the entry Ii, 3, 5, 8 I will denote a matrix element of the type (I + 3n 2 + 5n ~ + 8n8); the 
entry nS(l, 0, 4) represents (n8 + 4n~a); the entry I0, 0, 11 represents n ~, etc. 

We will write the four-dimensional matrices a lm b/m cl. m in the form of one-dimensional 
matrices with fixed indices j, l, and m: jk' jk' JK 

aoh-- 11 1[0] 1,__3tOIO[OIOH; . 1 2 _ m , _  1 -  li__ 1,__ 1,610,0,4,_61010[0i[; 1 3 _  
a o ~  ~ ~O~-- II :' 

= 2mZl1110,-- 2 , - -  110,0,1,21n8( - 1)lOlOII;ao2~. - -  - ! - I  Wo~; ao2~. = ml [ l l l ,  110,0,--310101011, 
f/"t 
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a2a=2mzIl--l[0,2]O,O__ttOtOIOi]; b t ~ _  2,~11. h i 2 _ _  ,~23. b ~ t _ _  2 a l l .  
ok  o k - - - -  ~ok' ok,.-- ~ok '  oh ~ 

m 

b~=211--1,210,2,11OjOJOIOii; eo'~=mn~ll_r I~__ ~ ~" c~' 
Cob -- --t~ aoh, oh 

--- ~z~II -2 I-3,310 I ol o fo IJ; do~=2n~II-1,-210,-2,11010101011;ao'~= g~ - '4- 
. _ _  Cob - -  

_bZ3_cla_~z~_,~,a_~,a_n. a] d = 3  m21101_3,30,_351010101011; a~f=3m3111, -- ok-- oh--~ oh--~ok--~oh -~, 2 

--51-- 1,--25,70I 10,--6, 90,--  140,10t0101/; a y  = 6m'll 1 t0 , - -8 , - -  15[0,--2, --5,70 

I0,0,--1,30,--7011010tl;  a 2 = 4n=msllOI6lO,-- 19,--1510, - -  1, 9,4210,0,0,6, --281011; 

a~=On~m61IO[OIllO,--2,--llO,O,1,21ns(--1)ll; a~_--32 m2JlO_l,510[OtO[Oll; a2 h~2__ 

13 = 2n2mllB]O,_6,_ 18, 610,8, = 3roll 1,--2,110,0,20,-- 1010,0,7,--32,15lOlO[OII; %h 

--30,60,--20]0,1--12,36,--46,1510]01t; a~=4n~mSl[O]OtllO,_2]O,O, ilOll; %h=O , I s  . 

a~== im2]lO/3,--10,--3510[O[O[Oll; a ~ =  3m3[1--3,--5[0,30,70/0,6,--30,__140 

ololOtl; a~, 6n2m~tlOl--6,--15IO,20,7010 ,1,_10,_70101011; a~=4n~msllOtOl--3 , 
9 m 2 2i - -  1510,6,4210,0,--2,--2S10il; a ~  = 8nSmallOlOlO[-- 110,2[0,0,~ 111; a ~h 
2 n ') 

o2 m3 
[]01--19,21,--10]0[01010t]; a i .  9 ~ f  ]13,2[22,--31,--5116,--59,72,--3010[0[0][; 

alk~ ~3 = 6. man= [[2,--3,--3]--19,--24,0,42j--6,0,96,--31,--45[0,0,36,--126, 111 

--30]OJO]l; alh24 = 12 .m3n 2 1[--1,--I,1[ - -  6,6,10,0, - -  6[ 0,11, - -  12,1,--28,2210,0 ' 

- -6 ,5 ,  --1,21,--15[ns(6,_15,10, _2)[Ojl; a~slk= 24m6[IOJl]O, --2,--110,0,1,2In s 

(--1)lOll; 2 i_  3 m 3 m s 23__ a2~---2 --n~ I1011,311010101011; a~,= 3 -~-11--31--1,910,1,61010lOll; a2h- 

-----3 �9 ~ "  n ~ 110,--9t O, - -  1,81n~(1)lOlOll; a ~  = 12m~1101110,--210,0,1/01011; a$~ = O; 

~:_  9 m ~ 1lO[_l,_2,_15IOlOlOlOl]; a3~ m ~ - ~ = 9  I13,ti t, --8,5110,-- I, - -4 ,  a3~ 2 n 2 nz 

iF/~ 
--451010101l; a3a-23- 6 ~7- ll--3,--310,27,3610,3,--18,--25 ]0,0,0,--2, --4510J011; 

a3k.24 _ .  12msllOI --3, --610,6,2110,0, --2, --131 n8(--3)I0]1; ag~ = - -6ma~ ;  b ~I/~ = 

= --2a}~; b~in----O', b~ =2m~1[3,-- 18,15]0,--90,224,-- 114fn~m2(-- 18,141)iOlOiOl[; 

b]~ = 4n~mZl]0,21--6, 48,--42,  1210, 48,--  124, 114, --3610,3, --34, 84,--78,251 

[ololl; b)2 = 2rna~; b~ = 2nZmII6,--3IO,_41,1410,_18,34,_121 OlOlO11; b ~  

4n~mlI--11--15,6,--ll--14,16,--9,2[m~(--1)lO]OI]; b~, = O; b~, = 2n2[118,18, 

--36,  15190,12,--360,383,-- 114118,--63,_ 168,552,_486,14110loioll; ~a_ b3~-- 4n ~ 

1I--3,-- 12,51--45,--162,181,--76,1211--42, - -  120,360, --378,186, --361--3,0, 

75,--200,225,-- 120,25101011; 14 s ba~=8n I11128,--8,1170,--56,28,--8,1127,--50,55, 
6m 2 

--36,13,--21m"(1)]0][; b~] = I J 9 , - - 3 , -  6185, - -  124,44,15118,--99,162, 
n 2 

fit 2 
_ 105,241010]0]1; ~3_ b ~ -  12 I[ 1,0,--2,3]6,--13,1,34,--1610,--11,31,--8,--22, 

n 2 

121mn~(--6, 15,--10,2)10[011; b~}, =24m%0t 110,--210,0,1101011; b ~ =  6@ I[-- 1, 1,31 

0,--4,12,--510,--1,--3,3,--110101011; b~ = 12mllO,O,--lJl ,--4,--9,210,--2,  
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6 
t~24__ O. 22- -  --~2 ~'2h- , b3h-- 1[--3,3,18,0,--3[0,-- 12,78,--88,32,110,--3, 

0 , - -78 ,172, - -  133,3610]0101]; b]~ ----- 12110,0,--3,-- 10,3[3,--9 , - -45,--90,66,--  15[ 

0 , - -  6 , - - 3 2 , - - 2 0 , 6 0 , - - 4 2 ,  1010,0 , - -  1; 15 , - -30 ,  3 0 , -  15, 310]0[1; b~ 4- -  

24n4li0, O, 110, O, 28, -- 8,1[ l - -  1,6, 55, -- 36,13,--210,2,15, --20,15,--6,t10]01; 

15 14 2" 14 14 11 3m2!I--4,32,--3210,37,-- 130 93]0[0[01 cih = O; c1~ ~ n b lh ;  c2h ~ O; cln 

0[[; c~n---- '-~ 2nZmZ [i51, --94,33148, --310,426, - -  174[0, --62,309, --432,185[0[0]0!1; 

13 4nam2i]_ 12,4[__46,78,_54,14]_ 12,76,_ 156,132,_40]0,5 ,_42,96,_86,  Clh 
12 

C2k 2710[0']; c2h1~ = m116,_24,1610,_3,62,_33]0[0[0[0[1; = 2n~m]]22,--5]40,--61, 

18i8,--30,42,--14]0]01011; c2h13 _-- 4n~m]]6, - -  1]20, --15,6,  -- lJ6,  --14,16, - -9 ,2  I0, 

- -  1 ,4 , - -6,4,--  11010['; can1| = 3116,--20,--20,64,--32]0,--27,24,140,--228,93 [OJOI 

[0[0[[; can----12 2nZ]]--72,--42,20 4, --156.33[. --72,102,432, --972,699, --17410,42, 

--3,--448,912,--690,185]0]0]0[I; c3~=13 4na[[18,69 ' 48,9160,195,__358,265,_96 ' 

14[ 18,30,~260,500,--  462,214,--4010, --3,  - -  12,105, --240,255, - -  132,271010l]; 
14 c3a = 8nSi' ,--8,1]--56,28,--8,11--56,70,--56,28,--8,11--8,27,--50,55, --36,13, 

_2[nZm6(1)[Ol i ;  21 3 m  z [i_56,44,01_96,231,_201,66]010101011; 22 m s Cln ~ 6 - - - -  
C 1 k - -  1~ 2 /22 

23 
_ Clh 11--48,51,13,--96]--48,177,--200,28,33]0,30,-- 141,212, - -  129,28[010]011; -:  

=- 12m211,0,-- 14,516,-- 15,--31,52,--20[0,-- 11,23,4,--30,14Iron ~ ( - -6 ,15<-  10, 

2)lO]Oi! 21 ~ l  ' c=k-- 3 i--4,6,--410,--1,8,--510101010]]; c~==6m[17,--21,7[8,--18,20, 

21 
--7lnZm3(--1)D]OIOi;,~ c2kZ3 = 12nZmD,6,--1]l,16,--9,210,4,--6,4,--llOlOlO]l; can-- 

= 3 [_._ 12,30,--60,52,--  1610,-3,-30,200,--260,99t01010101I; c~  == 61121 ,--87, 
/22 '~ 

c3h = 12 8,46,_21 [24,--78,152,--88,--  10,15[0,3,22,-- 138,232,-- 163,42[0[010[[; 23  

n2[}O, 18,35,--30,513,51,125,-- 174,94, --1910,12,0,--60,90, --54,121n~m ~ (3)]O]OJ]; 

~ 24n,i0,_8,  llO _ 5 6 , 2 8 , _ 8 , 1 ] _  1,--50,55,--36,13,--2]0,--  6,15,--20,15, C3h 

--6,1[0101' 

m m c~ in the form of one-dimensional We will write the three-dimensional matrices ajk , bjk , 
matrices with fixed indices j and m: 

alk = ~3  m21j211,_SlOlOll; a~h = m=[]-- 1 , - - 3 1 - -  1 , - - 3 , 1 2 1 0 , 0 , 6 , - -  10[0][; a 3~h=2m n 

11110,_2 ,_1]0 ,0 ,1 ,2 in8(_1)] [ ;  ~ l m [ I _ 2 [ _ 1 , 3 ] 0 [ 0 ] [ ;  a ~ a 2 h  ~ 2 h  m~[1[0,--2]0,0,I] 

3 1 3m]12 ,2 [1 ,_2 ,_510[0 i [ ;  2 = mZ[[__3 , _ 3 1 0 ,  6, 1 2 1 0 , 0 , - - 2 ,  101]; a24 O; a34 ~ 6 3 4  

--lOlOl]; 3 a3k = 2n~m3tIO[ - 1 [ 0 , 2 ] 0 , 0 , -  1]]; blk ---- 4mZ110lllOlOI]; b i b =  m~1216,-- lOlO, 

--5,9tOiT; b~4 = 2n2m3[iO[l]O,--2]O,O,l[I; b~4 = 1 1 b l h; b~4 ---- m]l-- 1[ - -3 ,2[0 ,1 ,  
4m 

-- l lOl]; b 3 2 h =  O; ba4 ---- []0[--3,0,4[010]]; b 2 34  ---- 11--3 ,0 ,2] - -9 ,6 ,16 ,  -- lO[3n~m2(l,3) 
[Oil; b~n = 2n~lll[lO,--5,1[5,--9,7,--2[n2m3(1)[[; cln = O; c 2~h= mZ]]--6[--3,7[0]r 

3 1 c~4 ---- 2mall1 [0,--2JO, 0,1[0[[; cznl _-- O; c ~24 = mll2[1, - -  llOlOI]; c24 -~ O; cak = 0", 
2 _-- 1 ] 6 , 0 , _ 6 1 3 , _ 3 , _ 9 ,  7IOlOI];c~ 4 -  2 n ~ ] [ -  5, l I--  9 , 7 , - -  ,2 [ma(1)lOJ'.. C 3 n  
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APPENDIX B 

MATRIX 7h n (X) 

The m a t r i x  y~n(x ) ,  k = - -6 ,  --5, . . . ,  7; j = 1, 2, 3; n = 1, 2, 3, 4, i s  c o n v e n i e n t l y  

represented by superimposing two matrices ~n(x), p = --3, --2, ..., 2, 3; and ~n(x), q = 

--4, --3, ..., i, 2~ according to the following rule: 

vf (x) = 
' y _ _  3 ,~ - in  "~ ~h/2 (X), if k is even. 

x - ~ f % _ ~  (x), if k i~ odd. 

(B.1) 

The elements of the matrices ~ and ~ are expressions of the type Am(bo + b:x 2 + b2x ~ + ...), 
where A = 1 -- x2; m is a certain integer; bo, b2, b2, ~ are numerical coefficients. For the 
sake of abbreviation, the polynomial in x 2 will be represented in accordance with the entry 
(bo, b : ,  b2,  . . . ) .  

We will write the three-dimensional matrices ~ and ~ in the form of two-dimensional 
matrices with a fixed index n: 

y~l __ 

A~(--1,--1) A'(4) A (1,0 

1 A2(_7,6, I) A 2 (--20,--4) A2(--5,--2, - l) 
T 
15,--3,1,3 36,--8,4 A(6,4,6) 

--19,--14,--7 - - 2 8 , - - 1 2  2,8,14 

--~- (19,11) 8 --7,--11 

~ (--31 0 3 

0 0 0 

f 1 A ~ ( _ I , _ I  ) A4(4) A~(1,1 ) 
Y 

~ AZ(29,--34,5) A2(28,108) A2(7,22,--5) 

- -45,9 , - -3 , - -9  - -  108,14,--12 A(--18,--12,--18) 
53,50,17 116,--60 2,--40,--34 

-~- (--53,--29) --40 17,29 

1 ~- (9) 0 --9 

0 0 0 
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I A 4 ( _ l , _ l  ) 
T 

1 A2(_7,22,17) 

15,--27,--15,--21 
--19,10,17 

1 -~- (19,--5) 

1 
T (--3) 

0 

A~(4) 

A2(--20,--68) 

36,--72,--60 
--28,116 

8 

A*(1,1) 

A~(--5,--18,-- 17) 

A(6,--12,--42) 
2,24,--34 

--7,5 

0 3 

0 0 

- - i 4  - -  'fi,-- 

+ A~(--I,--I) A4(4) A~(1,1) 

1 A~(29,54,_35 ) A~(28,._52 ) 
T 
--45,69,37,51 --108,184,148 
53,--74,---43 116,--60 

-!-1 (--53,1 1) --40 
2 
1 

-2- (9) 0 --9 

0 0 0 

A2(7,--2,35) 

5(--18,28,102) 
2,--16,86 

17,--ll 

0 0 

1 A~(__ 1,--3) A3(4,8) 
T 

1 A3(_5,_3 ) A(--16,--28,--4) 
T- 
15,3,5,9 24,36,20 
--25,--26,--21 --16,--20 

(35,33) 4 

-21-- (--9) 0 

0 

A3(1,2,1) 

A(--7,--7,-- 1,--1) 

18,14,10,6 
--22,--24,-- 14 

13,11 

--3 

.~T]2 

0 0 

+ Ar - 1,--3) A3(4,8) 

1 A(31,--45,--35,-- 15) A(-- 16,132,92) 
-5- 
--57,31,-- 11 ,--27 24,--284,-- 44 

83,50,51 --16,1i0 

(27) 0 

0 

A3(1,2,1) 

A(5,20,19,--5) 

--30,--74,--22,-- 18 
50,80,34 

--35,--29 

9 
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+ A~(--I,--3) 
+ A(--5,23,33,--5I)  

~ 3 =  15,--37,--11,--63 
--25,30,51 

-~- (35,--15) 

1 -Y (-9) 

0 0 

A3(4,8) A3(1,2,1) 

A(-- 16,--92,--  132) A( - -7 , - -23 , - -33 , - -  17) 

24,164,--44 18,30,--22,--42 ; 
- -16 , - -84  - -22, - -8 ,34 

4 13,--5 

0 --3 

0 0 

1 - A a (  - -  1,--3) A3(4,8) 

1 A(31,43,13,105) A(-- 16,--28,92) 
--2- 
--57,3,29,153 24,36, 116 

83 , - -26 , - -  129 - -16 , - -20  

I (_ I09,33) 4 --c)- 

: 1 (27)  0 
-4- 

0 

A3(I,2,1) 

A(5,5,35,35) 

--30,14,58,102 
50,--24,--86 

--35, 11 

9 

NOTATION 
-+ -+, -+ 

AV(r) ,  d i f f e r e n c e  i n  v e l o c i t y  a t  t h e  p o i n t s  r ,  O; O, 
function ~;[ lo:[ ]~=o,~=o; 

v :  ; 4 :  - - - ;  z :  ; ~ = : - -  ; p : - -  
r y x z r 

~, arguments of the characteristic 

x Z ;~=--;~_--; 
f f 

~.) -+--> __> __> __>_+ _~__> _+ -+ 

s= (7. ; t=(v.• l=(v.~); 5==(• V= (,~); ~=(• 

n =  1@ y[InD(y)]y ; m=n~'--I;  7(Y)=--y[lnD~(y)Iy ; 

15 vVr (0); ]~ (y) = -- y [In Dy (Y)lu ; ed = --2- 

~, kinematic viscosity coefficient; L, external scale of turbulence; ~, specific rate of 
turbulent energy pumping. 

i. 

2a 
3. 

4. 

5. 
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DEPTH OF PENETRATION OF SOLID PARTICLES INJECTED INTO A GAS FLOW 

L. Kh. Garmize, V. K. Popov, 
S. P. Fisenko, and 8. I. Shabunya 

UDC 532.582.92 

The depth of penetration of a spherical particle into a uniform transverse flow 
was determined experimentally and theoretically for both a continuous medium and 
a free molecule flow. 

In solving a number of practical problems of two-phase hydrodynamics, it is often 
necessary to determine the depth of penetration of particles introduced into the flow. 

Let us examine this problem for a continuous medium. Thefollowing classical ex- 
pression for depth of penetration S is known for small Reynolds numbers Re << i: 

S - ppd~V~ 
18~ 

However, S is independent of the velocity of the transverse flow and, as was shown in [i], 
when Re > i substantial corrections of (i) are necessary to determine the penetration 
depth. 

Let us choose a coordinate system such that the x axis will be perpendicular to the 
flow and the y axis will be parallel to the flow. Then the equations of motion of the 
particles will have the following form: 

dx 
~- Vp, 

dt 

dVp __ 3CDRe~  Vp, 

dt 49pd z 

dUp _ 3CoRe  ~ ( U q - -  Up), 
dt 4ppd 2 

with the initial conditions t = 0, Vp = Vo, x = 0, and Up = 0. 
of the Reynolds number 

Re - pqd [(Uq - -  Up) z -~. V~] I/2 

We w i l l  e v a l u a t e  t h e  b r a k i n g  d i s t a n c e  on t he  b a s i s  o f  (2) and (3 ) .  The b r a k i n g  t ime 
and distance S are equal to the following, respectively, in order of magnitude 

Vp 

dt t=o 

ppd 2 

�9 Co(Reo)  Reo~ ' 

(i) 

(2) 

(3) 

(4) 

The quantity CD is a function 

S " V o ~ =  . 9~dzV~ (5) 
CD(Reo) Reo~ 
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